THEOREM. Let k(x) be a function of bounded variation on every finite interval. Let p{x, u) be Borel measurable in (x, u);for almost all x with respect to k(x) let it be of bounded variation in u over every finite u-interval. Denote by V(x, u) the variation* V(x, u)=f%Xo\d v p(x, v)\. Assume that fl* V(x, u) \ dk(x) \ exists (is finite) for aW u. Let s(u) be Borel measurable on ( -<*>, oo ). Then the existence (finiteness) of either
f CO *% 00
(1)
Presented to the Society, February 24, 1940. 2 The integrals which occur in this paper are understood to be Lebesgue-Stieltjes (Radon) integrals. See, for example, Saks, Theory of the Integral, 2d revised edition, Warsaw-Lemberg, 1937, pp. 19 and 67 . We note that the familiar principles of monotone and dominated convergence in the Lebesgue theory are also valid in this theory; see pages 28 and 29. In this paper we shall not admit ± oo as members of our number system; that is, existence implies finiteness.
3 Saks, loc. cit., p. 81. 4 See for instance, N. Wiener and H. R. Pitt, On absolutely convergent FourierStieltjes transforms, Duke Mathematical Journal, vol. 4 (1938) , pp. 420-436. The reader will note that a form of this theorem was used in passing from line 13 to line 14 on page 421. 5 For negative u we understand that
Of course V is strictly a variation only for positive u. 6 Clearly it would be sufficient to require that the integral be finite for u ranging over some sequence* having ± oo as limit points. implies the existence of the other, their equality, and the existence and equality of the following integrals ƒ 00 S% 00 /% 00 (% 00
We shall first prove this theorem under the following additional assumptions which we shall later successively remove :
is a polygonal function (that is, a continuous function whose second derivative exists and is zero except at a finite number of points),
(B) s(u) is bounded arid vanishes identically outside a finite interval, (C) s(u) is non-negative, k(x) is monotonie increasing and p(x, u) is monotonie increasing and right continuous in u and p(x, 0) =0.
Clearly the additional hypotheses (B) and (C) imply the existence of (1). Also they imply the existence of (2), as one sees in the following manner. Let n be such that s{u) = 0 when \u\ >n -\ and such that s{u) is everywhere less than or equal to n. Then since V(x, u) = />(#, u) by (C) we see that
exists by hypothesis. Hence
-00 * -00 J -00 that is, (2) also exists. Thus under the additional hypotheses (B) and (C) we need only show the equality of (1) and (2) since obviously the right and left members of (3) are equal to (1) and (2) respectively. In order to show the equality of (1) and (2) under (A), (B) and (C) we integrate by parts and use the fact that s vanishes at -n and at n. Thus
By the symmetric Fubini theorem, we obtain
Integrating the inner integral of the right member of (7) by parts, we have
and this with (6) and (7) establishes the equality of (1) and (2) and thus in view of the preceding remarks proves the theorem under the additional assumptions (A), (B) and (C). Now since every bounded Borel measurable function is a repeated limit of continuous (and even of polygonal) functions 7 we shall show by the repeated use of the principle of dominated convergence that the theorem still holds when we drop (A) and keep only the additional hypotheses (B) and (C). As we have noted, for this purpose it is again only necessary to prove the equality of (1) and (2). For purposes of induction let us assume that s*(u) =limj_ >00 Sj(u) (-oo <u< oo) where S\(u), S2(u), • • • is a sequence of non-negative functions each of which is Borel measurable and vanishes when \u\ >n -\ and each of which is everywhere less than or equal to n. Assuming that the conclusion of the theorem holds for each Sj(u) when p and k satisfy (C), we shall show that it also holds for the limit function s*(u). By bounded convergence ƒ 71 X» 00 /% 1% •» 00
and since (4) holds for each Sj{u) it follows by dominated convergence that
Thus if the theorem holds under (B) and (C) for one Baire class it holds under (B) and (C) for the next; and hence the theorem holds under (B) and (C) for all Borel measurable functions. In order to remove (B) (retaining only (C)) let
Then since s n (u) satisfies (B) and (C),
Since either (1) or (2) exists, both these expressions are bounded (in n). By monotone convergence ƒ 00
•» 00 /% 00 X» 00 Obviously all these functions are Borel measurable and satisfy (C). We first show that the existence of (1) or (2) for s, p and k implies the existence of (1) 
